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Several methods are presented in the literature for the 
prediction of vapor-liquid equilibrium constants of mix- 
tures ( 1 ,  5, 11 ,  12, 13, 15, 19, 20)  from thermodynamic 
relationships. Although these methods are valuable, they 
can be used only for the determination of vapor-liquid 
equilibrium constants for moderate pressure conditions. 
Significant deviations result between calculated and ex- 
perimental values at elevated pressures, particularly for 
conditions near the critical point. 

For a mixture in which the vapor phase behaves as an 
ideal gas and the liquid phase as an ideal solution, the 
vapor-liquid equilibrium constant can be expressed as K 
= y/x = p 0 / g .  To account for the effect of pressure on K 

in a real mixture, Mehra and Thodos (14) have intro- 
duced the pseudo-vapor pressure of a component, Kr, and 
have normalized this quantity with the actual critical pres- 
sure of the mixture to obtain the reduced pseudo-vapor 
pressure, 8 =: K?r/Pc.  For a component in its pure state, 
this ratio is 8” = Po/Poc ,  the reduced vapor pressure of 
the substance at  the reduced temperature of the mixture. 

Mehra and Thodos (14) utilized the binary systems, 
ethane-n-butane, n-butane-n-heptane, and ethane-n- 
heptane, to develop a series of charts which relate the 
ratio p//P to the reduced temperature of the system with 
composition as a parameter for different values of the 
ratio of the normal boiling points of the two components 
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Fig. 1. Relationships between p and - for the methane-ethane system which exhibits 

norrnaf behavior. 
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of the mixture, T = T b h / T b l .  The resulting correlations 
covered the range 1.00 < T < 2.00 and were found to be 
applicable to other binary systems. 

Because of the industrial importance of binary systems 
containing methane, the approach utilized by Mehra and 
Thodos (14) has been employed in the present study to 
develop specific correlations for the prediction of vapor- 
liquid equilibrium constants for these systems, many of 
which have values of T > 2.00. Experimental vapor-liquid 
equilibrium data for the following systems were utilized 
in this study: 

Nitrogen-methane (3) 
Methane-ethane (2) 
Methane-propane (16) 
Methane-n-butane (1 7) 
Methane-n-pentane (1 8) 

7 - 
1.441 
1.654 
2.073 
2.445 
2.773 

The nitrogen-methane system was arbitrarily considered 
because it includes a nonhydrocarbon constituent. It 
should be noted that in this system methane is the heavy 
component, whereas in each of the remaining systems it is 
the light component. The seleotion of these five systems 
has permitted the present study to include the range 
1.00 < T < 2.80. 

CHARACTERISTICS OF SYSTEMS INVESTIGATED 

The procedure for the development of the correlations 
from the experimental data has been presented by Mehra 
and Thodos (14). Values of j3 for each system were first 
plotted against ~ / T R .  The reIationships obtained for a 
typical mixture are presented in Figure 1 for the methane- 
ethane system, T = 1.654. The general behavior of ,the /3 
vs. ~ / T R  relationships for the light component followed 
a regular pattern below the critical point for all of the five 
systems investigated as T increased from a value of 1.441 
for the nitrogen-methane system to a value of 2.773 for 

the methane-n-pentane system. On the other hand, the 
general trend of the vs. ~ / T R  relationships below the 
critical point for the heavy component was found to ap- 
proach the reduced vapor pressure curve of the pure com- 
ponent with increasing 7 values. For the me thanen-  
butane system, these relationships for all compositions 
became essentially coincident to the reduced vapor pres- 
sure curve of n-butane; whereas for the methane-n-pen- 
tane system they were found to overlap above the re- 
duced vapor pressure curve of n-pentane. 

The signscant retrograde effects encountered with the 
methane-n-butane and methane-n-pentane systems 
were reflected in the presence of ,3 vs. ~ / T R  relationships 
for conditions above the critical point of each mixture. 
These effects were most pronounced for the methane- 
n-pentane system (Figure 2 ) .  These relationships are ex- 
tensions of the curves for the region below the critical 
point. I t  can be seen from Figure 2 that, at the critical 
point of a system exhibiting retrograde effects, a transition 
occurs in which the light component becomes the heavy 
component and the heavy the light for conditions above 
the critical point. For the two systems which exhibit 
marked retrograde effects the B vs. ~ / T R  relationships for 
the heavy component exhibit curvatures opposite to those 
encountered for the heavy component of the other sys- 
tems, This can be seen by a comparison of Figures 1 and 
2. 

The results of this study indicate that, if the /3 VS. ~ / T R  
relationships for the heavy component of a binary mixture 
approach or overlap the corresponding reduced vapor 
pressure curve of the pure component, the system exhibits 
significant retrograde effects The retrograde phenomena 
encountered in this study were found to be insignificant 
for the systems investigated by Mehra and Thodos ( 1 4 ) .  

FINAL CORRELATIONS 

The relationships of fl  vs. ~ / T R  for the five systems 
investigated were cross plotted to produce the final cor- 

1 

T R  
Fig. 2. Relationships between j3 and - for the ethane-n-pentane system which exhibits 

abnormal behavior due to pronounced retrograde phenomena. 
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Fig. 4. Reduced state correlation of p/@" vs. 
TR (t = 1.80). 

relations of /3/p against T R  for parameters of composi- 
tion, xi and m, and for T values of 1.10, 1.20, 1.40, 1.60, 
1.80, 2.00, 2.20, 2.40, 2.60, and 2.80. In Figures 3 to 6 
the resulting plots of T values of 1.20, 1.80, 2.40, and 2.80 
are presented.' From these figures, values of @/@ for any 
value of T up to 2.80 can be obtained by interpolation. 
The procedure for the calculation of vapor-liquid equilib- 
rium constants from this information is similar to that 
presented previously (1 4 )  . 

It can be seen from Figures 3 to 6 that the constant 
composition lines for the light component spread out con- 
tinuously from the reference line, p/@" = 1.0. The same 
type of behavior is exhibited for the heavy component 
for values of T up to 1.80. In the range 2.00 < T < 2.80, 
a progressive trend exists that tends to distort the general 
pattern until these lines become concave downward and 
eventually overlap the reference line, /3/@ = 1.0. These 
results indicate that B / B  for the heavy component can 
become greater than one. The retrograde region is repre- 
sented for both the light and heavy components by the 
extensions of the B/@' vs. TR curves above the critical 
point. 

RESULTS AND CONCLUSIONS 

To test the accuracy of these correlations, K values 
were calculated for the conditions of the experimental 
data used in this study. An average deviation of 2.33% 
resulted for 340 points considered indicating that for these 

*Additional figures have been deposited as document with the 
American Documentation Institute, Photoduplication Service, Library 
of Congress, Washington 25, D. C., and may be obtained for $1.25 for 
photoprints or $1.25 for 35-mm. microfilm. 

five systems good agreement exists between the calculated 
and reported K values. To test the extension of the cor- 
relations of this study to other substances, K values were 
calculated for five additional systems and compared with 
experimental values reported in the literature. In the ab- 
sence of experimental critical values, the method of 
Grieves and Thodos (6) can be used to estimate the 
critical temperatures and critical pressures of binary mix- 
tures. Equilibrium constants were also calculated for these 
systems and the methane-ethane and methane-propane 
systems from the correlations developed by Mehra and 
Thodos ( 1 4 ) .  The results of these comparisons are sum- 
marized as follows: 

Mehra and Present 
Thodos ( 1 4 )  study 

Dev. Dev. 
t Points % Points % 

Methane-ethane ( 2 )  1.654 14 5.65 82 2.29 
Methane-propane ( 1 6 )  2.073 16 8.40 48 2.56 
n-butane-n-heptane ( 9 )  1.363 12 3.10 30 6.42 
Ethanen-butane ( 8 )  1.478 24 1.90 34 5.67 
Ethane-n-heptane ( 7 )  2.014 12 2.36 20 10.11 
Nitrogen-oxygen ( 4 )  1.166 22 9.40 22 6.63 
Ethylene-n-heptane (10) 2.193 32 19.5 

For the five nonmethane systems an average deviation of 
9.83% was obtained for 138 points considered. The larger 
deviation resulting for the ethylene-n-heptane system 
may be owing to the fact that considerable distortion of 
the @/p" vs TR relationships exists for the heavy compo- 
nent in the region 2.00 < T < 2.80. 
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Fig. 6. Reduced state correlation of p/p" YO. TR (z = 2.80). 

The comparisons indicated that for methane-containing 
systems better accuracy is obtained from the present 
study. For the methane-free binary hydrocarbon systems, 
the correlations of Mehra and Thodos (14) produce 
smaller deviations. For the nitrogen-oxygen system better 
agreement between calculated and experimental values 
was obtained with the correlations of the present study. 
Vapor-liquid equilibrium constants for ,the ethylene-n- 
heptane system could not be calculated from the study 
of Mehra and Thodos (14), since for this system r > 2.00. 

Vapor-liquid equilibrium constants calculated for the 
retrograde region of those systems which exhibit this phe- 
nomenon were found to be in good agreement with the 
corresponding values resulting from the experimental data. 
Therefore, the approach utilized in the present study can 
be used to estimate vapor-liquid equilibrium constants for 
the relatively unexplored retrograde regions of multicom- 
ponent systems. 
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NOTATION 

K = vapor-liquid equilibrium constant, y/x 
P = pressure of the mixture, 1bJsq.in.abs. 
Po = vapor pressure of pure component, lb./sq.in.abs. 
Pc = critical pressure of mixture, Ib./sq.in.abs. 
Poc = critical pressure of pure component, 1b.lsq.in.abs. 
T = absolute temperature of mixture, OR. 
Tbh = normal boiling point of heavy component, OR. 
Tbi = normal boiling point of light component, OR. 
Tc = critical temperature of mixture, OR. 
TR = reduced temperature of mixture, T/Tc 
x = liquid composition, mole fraction 
xi  = liquid composition of light component, mole frac- 

xn = liquid composition of heavy component, mole 

y = vapor composition, mole fraotion 
/3 = reduced pseudo-vapor pressure, KT/Pc  
8" = reduced vapor pressure of pure component, Pol 

w = total pressure of system, lb./sq.in.abs. 
= normal boiling point ratio, Tbh/Tbl 

tion 

fraction 

P O C  

Vol. 9, No. 4 A.1.Ch.E. Journal Page 527 



LITERATURE CITED 

1. Benedict, Manson, G. B. Webb, and L. C. Rubin, Chem. 
Eng. Progr., 47,419 (1951). 

2. Bloomer, 0. T., D. C. Gami, and J. D. Parent, “Physical- 
Chemical Properties of Methane-Ethane Mixtures,” Inst. 
Gas Technol. Res. Bull., No. 22 (July, 1955). 

3. Bloomer, 0. T., and J. D. Parent, ibid., No. 17 (April, 
1952). 

4. Dodge, B. F., Chem. Met. Eng., 35,624 (1928). 
5. Gamson, B. W., and K. M. Watson, Natl. Petrol. News, 

Tech. Sec., 36, R623 (September 6, 1944). 
6. Grieves, R. B., and George Thodos, A.1.Ch.E. Journal, 6, 

561 (1960). 
7. Kay, W. B., Ind. Eng. Chem., 30, 459 (1938). 
8. Ibid., 32,353 (1940). 
9. Ibid., 33,590 (1941). 

10. Ibid., 40,1459 (1948). 
11. “Liquid-Vapor Equilibrium in Mixtures of Light Hydro- 

carbons: Equilibrium Constants,” M. W. Kellogg Com- 
pany, New York ( 1950). 

12. Leland, T. W., Jr., P. S .  Chappelear, and B. W. Gamson, 

13. Lewis, W. K., Oil Gas J., 32,45 (1934). 
14. Mehra, V. S., and George Thodos, A.I.Ch.E. Journal, 8, 

15. Norrish, R. S., and G. H. Twigg, Ind. Eng. Chem., 46, 

16. Reamer, H. H., B. H. Sage, and W. N. Lacey, ibid., 42, 

17. Sage, B. H., B. L. Hicks, and W. N. Lacey, ibid., 32, 

18. -, H. H. Reamer, R. H. Olds, and W. N. Lacey, 

19. Smith, K. A., and K. M. Watson, Chem. Eng. Progr., 45, 

20. Souders, Mott, Jr., C. W. Selheimer, and G. G. Brown, 

A.1.Ch.E. Journal, 8,482 (1962). 

604 (1962). 

201 (1954). 

534 (1950). 

1085 (1940). 

Wd., 34,1108 (1942). 

494 (1949). 

Ind. Eng. Chem., 24,517 (1932). 

Manuscript received November 15, 1961; revision received December 
27, 1962; paper accepted January 2, 1963. 
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Flows: 1. Asymptotic Solutions for 

Fixed I n terfaces 
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In geometrically complicated flows it is seldom feasible 
to solve the energy or diffusion equation exactly. How- 
ever, in laminar flows with a sufficiently high Prandtl or 
Schmidt number, the thermal or diffusional effects be- 
come localized in thin boundary layers and can be pre- 
dicted analytically in some detail. Lighthill ( I ) ,  Levich 
(2), and Acrivos (3, 4 )  have given solutions of this type 
for systems of arbitrary two-dimensional or axially sym- 
metric form. Here the same basic technique is extended 
to three-dimensional systems with any number of inter- 
faces. The results may be used either for prediction of 
transfer behavior a priori, or as guides in correlation of 
experimental data. 

The present treatment is for fixed interfaces, but can 
also be applied to moving ones under certain conditions. 

Thus, rigid-body translation and rotation of any interface 
can be handled without modification of the formulae if 
the boundary layer is at steady state when viewed from 
the moving interface. More general types of surface mo- 
tion will be considered in a subsequent paper. 

Only steady, laminar flows are considered here. No 
attempt is made to treat the flow in a laminar sublayer 
of a turbulent stream; sublayers exhibit a fluctuating 
motion to which the present analysis does not apply. 

The main assumptions in the present treatment are as 
follows: 

1. The heat-conduction and diffusion fluxes in the fluid 
are assumed to be directed along the normal to the neigh- 
boring interface; the flux components paralIel to the inter- 
face are neglected. 
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